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ABSTRACT 



Theories of gravity coupled to forms and dilatons may admit as solutions zero bind- 
ing energy configurations of intersecting closed extremal branes. In such configura- 
tions, some branes may open on host closed branes. Properties of extremal branes 
p) ^ reveal symmetries of the underlying theory which are well known in M-theory but 

^ . transcend supersymmetry. From these properties it is possible to reconstruct all 

actions, comprising in particular pure gravity in D dimensions, the bosonic effective 
actions of M-theory and of the bosonic string, which upon dimensional reduction 
^ ■ to three dimensions are invariant under the maximally non-compact simple simply 

laced Lie groups Q. Moreover the features of extremal branes suggest the existence 
of a much larger symmetry, namely the 'very-extended' Kac-Moody algebras Q^~^^ . 
This motivates the construction of explicit non- linear realisations of all simple Q^~^^ , 
which hopefully contain new degrees of freedom such as those encountered in string 
theories. They are defined without a priori reference to space-time and are proposed 
as substitutes for original field theoretic models of gravity, forms and dilatons. From 
the Q'^^^ -\mrai\ant theories, all algebraic properties of extremal branes are recov- 
ered from exact solutions, and there are indications that space-time is hidden in the 
infinite symmetry structure. The transformation properties of the exact solutions, 
which possibly induce new solutions foreign to conventional theories, put into evi- 
dence the general group-theoretical origin of 'dualities' for all These dualities 
apparently do not require an underlying string theory. 



^Talk presented by F. Englert at the 27th John Hopkins workshop: Goteborg, August 24-26, 2003. 
Related developments on the non-linear realisation of arc included in the text. 

^Research Associate F.N.R.S. 



1 Introduction and conclusion 



Theories of gravity coupled to forms and dilatons may admit as solutions zero binding 
energy configurations of intersecting closed extremal branes In such configurations, 
some branes may open on host closed branes [21 El El- Properties of extremal branes reveal 
symmetries of the underlying theory, which are well known in M-theory but transcend 
supersymmetry. From these properties it is possible to reconstruct all actions, comprising 
in particular pure gravity in D dimensions, the bosonic effective actions of M-theory and 
of the bosonic string, which upon dimensional reduction to three dimensions are invariant 
under the maximally non-compact simple simply laced Lie groups Q Moreover the 
features of extremal branes suggest the existence of a much larger symmetry, namely the 
'very-extended' Kac-Moody algebras Q^^^ . Such symmetries were first conjectured in 
the above mentioned particular cases jHlIZI, explicit representations of their Weyl group 
for Kasner-type solutions were obtained for all simple Q^^^ [H] and their relation to the 
cosmological billiards 011011111 was brought to light. 

These facts motivate the construction of explicit non-linear realisations of all simple 
Q^^^ on cosets obtained from a modified Chevalley involution The ^"*'"'"+-invariant 
actions are proposed as substitutes for the original field theoretic models of gravity, forms 
and dilatons, and hopefully contain new degrees of freedom such as those encountered in 
string theories. The actions are defined on a world-line a priori unrelated to space-time. 
The latter should then be deduced dynamically. Such an approach to gravity and forms, 
if successful, would dispose of the need of explicit diffeomorphism invariance or gauge 
invariance. All such information should be hidden in the global Q^^^ invariance. Although 
it may seem that global symmetries cannot contain local symmetries, in particular in view 
of the celebrated Elitzur theorem fH] , it need not be the case in view of the infinite number 
of generators of Q~^^~^. We formulate the Q^^^ invariant theory recursively from a level 
decomposition (T^llinilini with respect to a subalgebra Ad-i where D turns out to be the 
space-time dimension. Our formulation is exploratory and does not pretend to be a final 
one. No attempt is made to cope with fermionic degrees of freedom and we limit here 
our investigation to the classical domain. From the ^"'"^"'"-invariant theories, all algebraic 
properties of extremal branes are recovered from exact solutions, and there are indications 
that space-time is hidden in the infinite level structure. The transformation properties of 
the exact solutions, which also generate Kaluza-Klein waves and KK-monopoles (Taub- 
NUT spaces) and possibly solutions foreign to conventional theories, put into evidence 
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the general group-theoretical origin of 'dualities' for all Q~^~^~^. These dualities apparently 
do not require an underlying string theory. 

In Sections 2 and 3, we review the properties of intersecting extremal branes and of 
their opening, which are used in Section 4 to reconstruct dynamically the simple simply 
laced Lie algebras Q and provide motivation for considering the very-extended Kac-Moody 
algebras Q'^^'^. The non-hnear realisations of Q'^'^'^ are presented in Section 5. Extremal 
branes and their duality properties are revisited in this new framework in Section 6. 

2 Intersection rules for extremal branes 

We begin with a generic theory in D dimensions which includes gravity, one dilaton and 
M. field strengths of arbitrary form degree pi with pi < D/2 and arbitrary couplings to 
the dilaton oj. The action is 

where we have not included possible Chern-Simons terms. It can be shown that they have 
no effect on the zero binding energy solutions considered here although such terms will 
be important in the following sections. 

The 'BPS' zero binding energy configurations of closed extremal branes intersecting 
orthogonally are obtained by first specialising to metrics of the following diagonal form, 

ds^ ^ -e^P^'^dr' + J^e'p''\dxn' + e'^'"~''^"\dy'f , (2.2) 

M=2 A=l 

where label p compact coordinates. The functions (a = 1,2,.. . D) depend only on 
the transverse coordinates in the non-compact dimensions and allow for multi-centre 
solutions. We choose p so that all branes are wrapped in the compact dimensions and 
that no compact dimension is transverse to all branes. Thus for each brane p > Qa 
where qa is the dimension of the brane. If qa < p, we take a lattice of g^-branes in the 
compact directions transverse to the brane and average over them. Here qa designates 
either an electrically charged g^-brane with respect to a p/-form field strength Fp^, or its 
dual g™-magnetic brane. For J\f intersecting branes, we write 

^H^^^W (I>=J:<I>a (2.3) 

A=l A=l 
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with 

p 



(p + 3-D) # = p« + Y: pT'^'^ /i = 2, p . (2.4) 

A=l 

Eq. ()2.4|) may be interpreted as the extremahty condition of the component branes jl7j . 
For electric and magnetic brane potentials, we take 

Electric : A^x^.^e = e,Ai...A,e ^^(Kl) , (2-5) 

Magnetic : I.Ai...a,^ = erAi...A„™^T(K}) , (2.6) 



where A is the (magnetic) potential of the dual field strength F defined by 
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ri^ga,0^Mi-/^P, = — -^e^^-'''''''^-''°-^iF^^,„^^_^^ . (2.7) 



Using these ansatze, the Einstein equations and the equations for the dilaton and the 
forms yield 

(1) _ D-QA-'i 
Pa in , 

(m) _ + 1 , rr 

Pa - ^ in , 

(D-p+X) _ '^A .TT 

Pa - in Ha , 

D -2 

<Pa = ^ EAalnHA, (2.8) 



where HaUx"}) is a harmonic function related to the Ea by Ha = y'^{D — 2)/A_E^^ 
and 

A = iqA + l)iD-qA~3) + ^al{D-2). (2.9) 

In Eq. (j2.8|) = —{D — — 3) or {qa + 1) depending on wether is parallel or 
perpendicular to the g^i-brane. The factor ea is +1 for an electric brane and —1 for a 
magnetic one. The harmonic functions Ha{{x'^}) allow for parallel branes and are given 
(for D — p > 3) hj 

Ha = 1 + T. ,,_ %.p.s . (2.10) 
k F ^k\ 

where the x'j^ label the positions in non-compact space-time of the branes with charge Qk- 
For A/" > 1, Eqs. ()2.8j) are restricted by algebraic conditions stemming from the equation 
for the non diagonal components of the curvature tensor. These are, for each pair [A, B) 
of distinct g-branes of dimensions (g^, Is)) the number of dimensions q (—1 < q < qA, Ib) 
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on which they intersect^ in terms of the total number of space-time dimensions D and of 
the field strength couplings to the dilaton. These intersection rules read J7j 

q+l = ^j— ^ -EAaAeBaB- (2.11) 

Note that such zero energy binding configurations were originally considered in the 
context of M-theory 'phases' but may arise classically without supersymmetry. 



3 The opening of branes 

We now analyse the breaking of closed extremal branes into open branes terminating on 
closed ones. We consider the above BPS configurations in the special case when q has the 
same dimension as the potential boundary of one of the two constituent branes, i.e ~ 1 
or — 1, and study its possible opening. Such opening requires the addition of Chern- 
Simons terms to the action Eq. ()2.1|l and may enlarge the brane content of the theory. 
We shall see in Section 4 that, under some conditions, such openings fully determine the 
theory and relate brane dynamics to the existence of a symmetry. The presentation given 
in this section is a generalisation of the one performed in the context of M-theory 01311]. 

Let us review how extended objects carrying a conserved charge can be opened. The 
main obstacle towards opening of branes is charge conservation. Generically, the charge 
density of a g-brane is measured by performing an integral of the relevant field strength 
on a — g — 2)-dimensional sphere 5'^-9-2 surrounding the brane in its transverse space, 

Q.cx/ *F,+2. (3.1) 

If the brane is open, we can slide the S*^^^^^ off a loose end and shrink it to zero size. 
This would imply the vanishing of the charge and hence a violation of charge conservation. 
This conclusion is avoided if, in the above process, the 5'^-'3-2 necessarily goes through 
a region in which the equation 

d * = (3.2) 

no longer holds. This is the case when the open brane ends on some other one. 

In the framework of M-theory the source terms needed in Eq. ()3.2j) to ensure charge 

conservation for the open branes originate from two requirements whose interplay leads to 

must be integer and the case q = —1 is relevant. It can be interpreted in terms of instantons in the 
Euchdean, in which case the time coordinate need not be longitudinal to all branes. 
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a consistent picture. On the one hand there are space-time Chern-Simons type terms in 
supergravity which allow for charge conservation for well defined pairing of open and 'host' 
branes [3] . On the other hand the world- volume effective actions [2j for the branes of M- 
theory relate world-volume fields and pullbacks of space-time fields, and gauge invariance 
|TH] for open branes ending on the 'host' brane implies that the end of the open branes 
acts as a source for the world-volume field living on the closed 'host' brane. 

In reference ^ a systematic study in M-theory of all the zero binding energy config- 
urations Eq. ()2.11|) corresponding to q = Qa — 1 (with qa < qs) was performed. It was 
shown that in all cases it was possible to open the g^i-brane along its intersection with 
the g^-brane. The crucial ingredient was the presence of the appropriate Chern-Simons 
terms in the supergravity Lagrangians for each case. 

Here we propose to reverse the logic. Starting with a Lagrangian of type Eq. (|2.1|) and 
having zero binding energy configurations between branes we will ask that, if q = qa — ^, 
the corresponding g^i-brane open on the g^-brane. This will determine the form of the 
Chern-Simons terms one has to add to Eq. ()2.1|) and will also in some cases require the 
introduction of new field strength forms Fnj ■ One then proceeds iteratively. 

We illustrate the role of the Chern-Simons term (see also 0111) by taking as example 
a theory with only one n-form Fqe^2 and dilaton coupling in Eq. ()2.1|) such that the inter- 
section rule between the electric g'^-brane and the magnetic g'^-brane (g*" = D — q^ — A) 
is g = g^ — 1. 

We modify the Eq. ()H.2|l for Fqe^2 in order to be able to allow the opening of g*^ on g™ 
by the addition to the action Eq. (j2.H) of the Chern-Simons term 



and of a standard kinetic energy term for the new'^ field strength -FD„2g<:-3- Its dilaton 
coupling is chosen such that the intersection rules Eq. 1)2.111) give integer intersection di- 
mension between the new extremal electric {D — 2g^ — 5)-brane and its dual magnetic 
(2g^ + l)-brane. Charge conservation now reads 



Here wedge products are defined up to signs and numerical factors. In the r.h.s. of Eq. ()3.4j) 

the first term comes from the variation of the Chern-Simons term and the second one is the 

•^If D = Sg"^ + 5 there is no need to introduce a new field strength as the Chern-Simons terms can be 
build with the field strength Fgc^2- 




(3.3) 



d * Fqe_^_2 — Fqe_^_2 A F£)_2q<^~3 + Q'^^D-q'^-l ■ 



(3.4) 
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g^-brane charge density. 6D-qe_i is the Dirac delta function in the directions transverse 
to the g*^-brane. We introduce here an exphcit source term for the electric brane since, to 
study its opening, we want to extend to the branes themselves the validity of the usual 
closed brane solution . Such term is required because the equations of motion from which 
the intersecting brane solutions were derived do not contain any source term and are 
therefore valid only outside the sources. 

It is straightforward to show that Eq. (j3.4p renders opening consistent with charge 
conservation and that new branes arising from Fo-2q'^-3 have to be added. From Eqs. ()3.3|) 
and ()3.4|) . the addition of such branes can be determined in a picturesque way. Namely, 
when a brane opens on a closed 'host' brane, the boundary appears from the world- volume 
point of view as a charged object under a world-volume field strength living in the closed 
brane. The world-volume Hodge dual of this object is the boundary of an other brane 
which can also be consistently opened on the same closed 'host' brane. The field strength 
associated to this new brane is precisely the one appearing in the Chern-Simons ensuring 
the consistency of the opening of the brane we started with. 

In brief, having a theory of type Eq. ()2.H1 in which some zero binding energy config- 
urations give potential boundaries, it is possible to complete it in a well-defined way by 
adding Chern-Simons terms^, and when necessary new form field strengths (hence new 
branes) in order to ensure consistency of brane opening with charge conservation. In 
section 4, such dynamical requirement will be at work to reconstruct purely from brane 
considerations theories whose dimensional reduction is characterised by a coset symmetry. 



4 From brane dynamics to Q and Q^^^ 

4.1 Intersection rules and dimensional reduction 

We perform the dimensional reduction to three dimensions of a generic theory described 

by an action Eq. ()2.H) . possibly with the addition of Chern-Simons terms and discuss 

the possible emergence of a coset symmetry. We relate the onset of such symmetry to 

the intersection rules for BPS configurations between the extremal branes of the theory 

^The coefficients of the Cliern-Sinions terms Ea. (|3.3(l are not fixed in tliis quafitative discussion. Their 
precise values are important when one will discuss the potential symmetries. In the framework of M- 
theory they are usually fixed by supersymmetry. Nevertheless it is possible to fix them or at least quantise 
them generically using only consistency arguments without appealing to supersymmetry, see for instance 

muni- 
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considered. 

Starting with the theory defined in D dimensions, we compactify to D — 1 dimensions 
while remaining in the Einstein frame with the standard 1/2 kinetic term normahsation 
for the new scalar. We use the notation 02 for the scalar appearing in the first step of the 
dimensional reduction and rename 0i the dilaton cj) already present in the uncompactified 
theory defined by Eq. lj^.lj) . The compactified coordinate is x^~^, the uncompactified 
coordinates are where = . . . -D — 2, and 



^^-V2(D-l)(D-2)- ^^-^^ 



The gravitation part of the action Eg. 1)2.11) becomes 



where F^^ = d^A^ - d^A^. 



For each rij-form field strength F^j in Eg. 1)2.11) we get after reduction 



/2 

ni 



where 

We can repeat this procedure step by step to obtain the theory on a ]>torus. One has 
then obviously p scalars with j = 2 . . . p + 1 parametrising the radii of the torus, coming 
from the diagonal components of the metric in the compact dimensions. Additional scalars 
denoted Xd arise from several origins. They come from potentials A^ which arise when 
reducing gravity from D + 1 — k to D — k and also from the potentials associated to the 
Fnj (when p > rij — 1) with indices in the compact dimensions. In addition the n-form 
field strengths give additional scalars when p = D — n — lhY dualising them. In particular 
when we reach D = 3 the Fj^^ (with k = 1 . . . D ~ 3) coming from the gravity part of the 
action (i.e. the graviphotons) can be dualised to scalars, and we are left with only scalars. 
The action takes then the form 



S = Jd'x (^i?3 -IdJ-d'-^-^Y. e'^''-%Xdd''Xd + • • 



(4.5) 
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where (j) = (00-2, the a are constant {D — 2)-vectors^ characterising each Xd- If 

we start in D dimensions without dilaton the vectors are of course {D — 3)-dimensional 
as 01 is absent in that case. The eUipsis in Eq. (j4.5p stands for terms of order higher 
than quadratic in the Xd scalars. They come from the modification of the field strengths 
Eq. ()4.4|) in the dimensional reduction process and also from possible Chern-Simons terms 
in the uncompactified theory. 

The action Eq. (|2.ip dimensionally reduced to three dimensions has a Q/Ti symmetry 
if the vectors a obtained from the compactification can be identified with the positive 
roots of a group Q and if, when necessary, some precise Chern-Simons terms are added in 
the uncompactified theory ^Jj. The requirement that the a correspond to positive roots 
is thus a necessary condition to uncover a symmetry [?]. 

Recall first the well-known dimensional reduction of pure gravity (see Eq. (j4.2j) ) down 
to three dimensions, which leads to ^ = SL{D — 2) whose algebra is Aj:)_^. The scalars 
corresponding to the simple roots of A]:,_^ are of two kinds. 

There are first D — A scalars which are the components of the potentials 

coming from gr)-k,D-k-i, k = 1 . . . D — 4. These are obtained by performing the "fastest" 
reduction on the potentials (see Eq. fl4.2|) ) to obtain a scalar going from D — k to 
D — k — 1 when compactifying on T^'^'^. The corresponding simple roots a| are given by 



V2{ 0^_^ AD-k- 3)f3D-k-i, -{D~k- l)l3D-k,0^_^, 0) , 

D— 4— fc terms fc— Itorms 

k = 1...D-4. (4.6) 
They define a subalgebra Ad_4^. We have indeed 

r 2 k = 

al-a'^ = \ -1 \k-l\ = l (4.7) 




Reading from right to left, the first component of af. associated to the dilaton in 
the original uncompactified theory Eq. ()2.Hl is always zero. The corresponding Dynkin 
diagram with D — 4 nodes, which from now on we will refer to as the gravity line, is 
depicted in Fig.l. 

^The normalisation factor V2 has been chosen for convenience. It wiU eventually correspond in the 
simply laced case to the standard normalisation of the roots, namely a ■ a — 2. 
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D-4 k 2 1 

o—o--o-----o-<y<>-----o—o 

jD-3 jk+l j3 j2 



Fig.l. The gravity line. 
Dynkin diagram of ^_d_4 generated by the dimensional reduction to 3 dimensions. 

The remaining scalar corresponding to the missing simple root leading to the full Aij_3 
comes from dualising in three dimensions the first vector (graviphoton) that arises in 
the stepwise procedure namely the vector appearing already in — 1 dimensions. The 
corresponding simple root is 

a'^ = V2(/33, . . . , (3d-3, {D - 2)[3d-i; 0) . (4.8) 

Note that this simple root a^^ has a non-vanishing scalar product with af (i.e with the 
simple root already appearing when compactifying on T^). One has indeed al-a^^ = —Sk,i. 
Consequently it attaches itself to the right of the gravity line. The other ^{D — 4){D — 3) 
scalars coming from the reduction of gravity down to three dimensions give all the positive 
roots of Ad~3- 

We now turn to theories with forms given by Eg. 1)2.11) and consider a n^-form 
with dilaton coupling a a (and ha < D/2). Let us consider the first scalar arising from 
the riyi-form upon dimensional reduction up to p = — 1- The vector associated to 
this scalar^ will from now on be called the would-be electric root. It is given by 

•^nA = ( 0;---;0 , b(nA,D) Pd-ua+I^ ■ ■ ■ ^ b(^nA,D) Pd-2, b(^nA,D) Pd-I', ^) , (4.9) 

' ' " v ' V2 

D-nA-2terms n^-l terms 

with 

b^nA,D) = V2{D-nA-l). (4.10) 

First, we compute the scalar product of the would-be electric root with the gravity line''. 
Using Eq. ()4.6|) and Eq. ()4.9p we find, for any D and dilaton coupling a a, 

«fc ■ «L = • (4-11) 

®The other scalars obtained by further dimensional reduction give a-vectors that are linear combina- 
tions with positive integer coefficients of a'^^^ and of the o?! . 

''The scalar product of the would-be electric root with the graviphoton is one for any D and a a- This 
implies that when forms are present in a theory with symmetry, the graviphoton is never a simple root. 
Consequently we focus on the gravity line. 
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Fig. 2. Would-be Dynkin diagram. 
The would-be electric root associated to F„ is represented by a shaded square. 



Using the scalar product Eq. ()4.1Hl of the would-be electric root with the gravity line, we 
can draw a would-be Dynkin diagram where the would-be electric root associated to 
is connected to the {tia — 1)*'^ node of the gravity line as depicted in Fig.2. 

We then evaluate the length of the would-be electric root using Eg. ()4.9|1 . We find 



{D-2) 2 ' 

(gi + lKg^+l) ai 

iD-2) + 2 ' ^ ' 

_ gieA,mA) _|_ I _ 

We thus see that the square length of the would-be electric root associated to can be 
written in terms of the intersection rule equation Eq. 1)2.111) giving the intersection between 
the electric and the magnetic brane charged under Fn^. 

From now on we will restrict ourselves to simply laced groups. In our normalisation all 
their roots are of square length two. In order for the would-be root to be a root, one must 
have (3^^ ■ = 2. Consequently the existence of a BPS configuration in the original 
theory, consisting of an electric extremal p-brane (p > 1) and its magnetic dual whose 
intersection is qi'^^^mA) — ^ necessary condition to have after dimensional reduction 
an enhanced simply laced Lie group symmetry. 



4.2 Dynamical reconstruction of Lie groups 

Our starting point is a theory given by Eq. ()2.ip in D dimensions with only one n^- 
form field strength and its dilaton coupling a a- We will fix the dilaton coupling 
such that there exists a zero-binding energy configuration between the electric g^-brane 
{Qa = '"'yi "~ 2) and the magnetic g^-brane with ^(^-4,'"^) _ explained in the previous 

section this is a necessary condition in order to find a new symmetry. Once the dilaton 
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coupling of the form is fixed, we require that, when the dimensionahty of an intersection 
permits opening, the latter is consistent with charge conservation. Namely we impose 
that, if (f^A^rriA) = _ the electric brane open on the magnetic brane. As explained 
in Section 3, this requires the introduction of a specific Chern-Simons term in the action, 
which may contain a new form field strength . The dilaton coupling of the new form 
field strength is then again fixed modulo its sign by the necessary condition q(^B,mB) _ 
1. The intersection rules between the extremal branes corresponding to the different 
forms can be calculated and this fixes the relative signs of the dilaton couplings. We can 
then check if new openings are possible. If it is the case, we iterate the procedure until 
consistency of all the openings are ensured. In this way, we are able to reconstruct all the 
maximally oxidised theories corresponding to the simply laced groups Q [Hj, that is all 
actions Eq. ()2.1|) which lead upon dimensional reduction to such group Q and which are not 
dimensional reduction from an action in higher dimension . This leads to the following 
conclusion: The existence of BPS configurations with q = 1 between any electric extremal 
p-brane {p > 1) and its magnetic dual, along with the requirement of consistency of brane 
opening in the original uncompactified theory (characterised by at most one dilaton), is a 
necessary and sufficient condition to have a theory whose dimensional reduction down to 
three dimensions has a simple simply laced group Q symmetry. 

Using Eq. ()4.12j) the condition q('^B,mB) _ ^ yields up to a sign the dilaton coupling 

(1 - q)D + {q^ + 4q - 1) 



D-2 



with 



a:>o. 



(4.13) 



(4.14) 



The procedure outlined above gives the following relations between q, D, the Chern- 
Simons terms, and the Lie group symmetry of the theory reduced to three dimensions 
exhibited in Table I 



Q 


D 




Openings 


C.S. 


Q 







2(D-l)/(D-2) 






Ad-1 


1 




8/{D - 2) 






Dd-2 


2 
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2n5 = 1 


^3 A F4 A F4 




2 


10 


1/4 


2n4 = 1,... 


A3 A F4 A //3, • • • 


Eg 


2 


9 


4/7 


2n3 = 1 


A3 A F4 A F2 


Ej 


2 


8 


1 


2n2 = 1 


A3 A F4 A Fi 


Eq 


3 


10 









Ej 



Table I : Reconstruction from branes of the simple simply laced Lie groups G 
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We see indeed that all simple simply laced Lie groups (in their maximally non compact 
form) are recovered from the intersecting extremal brane solutions and their openings from 
actions of the type Eq. (j2.H) with Chern-Simons terms. The action which upon dimensional 
reduction to three dimensions exhibit these Lie group symmetry are fully determined. 

4.3 From g to g+++ 

Taking into account the intersection rules Eq. ()2.11|) . one verifies that Eq. ()2.8p implies 

tiP^'-^y - litp^'-^r + 1<P' = ^Eln^^Alx'^) , (4.15) 

0=1 0=1 A 

and we recall that the extremal branes in the intersecting brane configurations satisfy the 
extremality conditions Eq. ()2.4|) . Eqs. ()2.4p and ()4.15p indicate that the solutions Eq. ()2.8p 
carry a group-theoretical significance in the triple (or very-) Kac-Moody extension Q^^^ 
of Q, for all simple groups Q^^^ (simply laced or not) as we now show. 

We first recall how all simple Lie algebra Q can be embedded in a very-extended Kac- 
Moody algebra Q^^^ . The simple roots of Q^^^ are given by adding two nodes to the 
gravity line of the Dynkin diagram of the affine extension of thus increasing by 
three the rank of Q [23 . The resulting Dynkin diagrams for Q^^^ are shown in Fig. 3. As 
in the case of Lie algebras, the Dynkin diagrams yield the Cartan matrix of Q^^^ which 
is then entirely determined from the Serre relations. 

The group SL{D) defined by this triple extended gravity line can be extended to the 
full deformation group GL{D) whose algebra, generated by generators K"')^ , a,b = 
1, . . . , Z) , is a subalgebra of Q^^^. The K"'i, satisfy the following commutation relations 

[K%K'^,]=6\K'^,-6^,K%. (4.16) 

One considers the Cartan subalgebra of Q^^^ generated by the K"-^ and s = r~D abelian 
generators Ru where r is the rank of Q^^^. We write the corresponding abelian group 
element Vabeiian as 

D s 

Vabeiian = exp(- J] p^'^^ K\ - ^ ^ Ru) ■ (4.17) 

a=l u=l 

and tentatively identify p^""^ and 0" in Eq. ()4.17|) with (the log of) the diagonal vielbein in a 

triangular gauge^ e^(x), a < a and 0" with dilaton fields 0"(a;) in any action 5* describing 

®We can indifferently label the p^"-* by a curved or a flat index, as it is uniquely defined by the diagonal 
vielbein in the triangular gauge. The position of this index as a subscript or superscript is a matter of 
convention and has no tensor significance. 
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a maximally oxidised theory^. The actions S generalise to all simple Lie groups the ones 
reconstructed in Section 3 for simply laced groups. It takes the form 



S 



1 



16nG 



(D) 
N 



u=l 



Pi 



u=l 



+ C.S., {A.lt 



where C.S. represents Chern-Simons terms that are required for some groups Q. 




1 2 3 i 4 5 



1 2 3 ■ 4 5 



4 5 



o-o-o 

1 2 3 



n-2 n-1 




n-3 n-2 



q+2 q+3 q+4 

■o-cM=o 



n n-1 

o— o— o4o-o o— o 

1 2 3 ! 4 5 n-3 n-2 



o-o-oil 



1 2 3 = 4 




1 2 3 ! 4 5 6 7 



10 9 



e;- 9 9 

0-0-040-0-0-0—0 

1 2 3 ' 4 5 6 7 8 




1 23-4 567 89 10 



Fig. 3. Dynkin diagram of 

The nodes of the gravity line are shaded. The Dynkin diagram of Q is that part 
of the diagram of G^^^ which sits on the right of the dashed line. The first three 
nodes dehne the Kac-Moody extensions. 



geometrical motivation of this identification is given in [H] and an alternate motivation has been 
proposed in |23] by extending GL{D) to IGL{D). In this work the justification of the identification 
follows from the analysis of Section 5. 
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Given any symmetrisable Kac-Moody algebra there exists, up to a numerical factor, 
a unique scalar product defined on the algebra that is invariant under the adjoint action 
of the algebra pSj. For a finite-dimensional simple Lie algebra this is just the Killing 
form which can be expressed as the trace of the generators in any finite-dimensional 
representation. In the Cartan subalgebra described in the Li = {K"-a, Ru} basis it is jH] 

{K\,K\)=6ab-^Sab ; {Ru,R.) = ls^. ; {K\,R,)=0, (4.19) 

where S is the matrix with all entries equal to one. The matrix Gij = {Li, Lj) is invariant 
under the group of Weyl transformations (and of outer automorphisms) of Q^^^. Hence 
the quadratic form 

E(p^"^)^-^(Ep^"^f + ^E(</>")' (4-20) 

a=l ^ a=l ^ n=l 

is invariant under the Weyl reflections in Q^^^ . 

Eq. ()4.2Up is identical with the left hand side of Eq. ()4.15|) . In addition, one can prove 
that the extremality condition Eq. ()2.4j) defines a a Weyl preserving embedding of Q^^^ in 
^+++ where Q^^^ is the symmetry group resulting from dimensional reduction of the action 
Eq. ()4.18|) to [D — p—1) dimensions where the compactification is performed on a spatial 
p-torus and on time. These features would provide a strong indication of the existence of a 
hidden Q^^^ symmetry of the theory defined by Eq. ()4.18j) or by some generalisation there 
of, if the right hand side of Eq. ()4.15|) would share such group-theoretical significance. In 
the next section, we show, by construction of an explicit Q^^^ invariant action, that this 
is indeed the case. 



5 Non-linear realisation of Q^^^ 

This section is based on reference jl2j . 

5.1 The temporal involution and the coset space Q^^^ / 



-+- 



We want ultimately Q^^^ to fully characterise the symmetry of the action S defined by 
Eq. ()4.18|l . or of some more general theory. As an enlargement of the g'/o 6a/ symmetry group 
Q arising in the dimensional reduction of 5, Q^^^ should also define a global symmetry. 
This poses a dilemma. The metric and the form field strengths in S are genuine space-time 
fields and S is invariant under the local diffeomorphism and gauge groups. How could 
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a global symmetry encompass a local symmetry? The present analysis is an attempt 
to solve this dilemma by taking advantage of the infinite dimensionality of the algebra 
More precisely we replace the action S by an action S explicitly invariant under the 
global Q^~^^ symmetry. S contains an infinite number of objects that are tensors under 
SL{D). These comprise a symmetric tensor gf^,^, scalars 0" and {pi — l)-form potentials 
Anifi.2...fipj-i which can be interpreted as the corresponding fields occurring in Eq. ()4.18p 
taken at a fixed space time point. Their motion in space-time, as well as those of possible 
additional fields, is expected to take place through an infinite number of field derivatives 
at this point, encoded in other objects in S. 

The positive (negative) step operators in the subalgebra are, from Eq. (j4.16|) . the 
K^-i, with b > a {b < a). They define the level zero step operators of the Q^^^ adjoint 
representation. The positive (negative) levels of the adjoint representation of Q^^^ are 
defined as follows. One takes a set of q non-negative (non-positive) integers, excluding q 
zeros, where q is the number of simple roots of Q^'^^ not contained in the gravity line. 
The q integers count the number of times each such root appears in the decomposition 
of the adjoint representation of Q^^^ into irreducible representations of Ad-i- Positive 
(negative) levels contain only positive (negative) roots and the number of irreducible 
representations of Ao-i at each level is finite. All step operators of level greater than zero 
may be written as irreducible tensors R^^ ^ds ^"^ '^^ subalgebra of Q^~^^, namely 

[K%, = s^t'Rd.X^ + ■■■ + stRaJV - ^IKir- siR,J.r' ■ (5.1) 

The commutators of all positive step operators are generated by the commutators of 
step operators corresponding to simple roots. At level zero these 'simple step operators' 
are, from Eq. ()4.16p . the K^-^+i (a = 1, 2, . . . , D — 1). In general, when s dilatons are 
present in the action S, the rank of Q'^'^'^ is D + s. The s abelian generators Ru of its 
subgroup GL{D) x f/(l)* have non vanishing commutators with the tensor step operators 
j^aia2...ar associatcd to electric or magnetic simple roots. In dimensional reduction, these 
arise from n-form potentials where n = pi — 1 for an electric root and n = D — pj — 1 for 
a magnetic one. We can read off their commutation relation, in the normalisation given 
for the dilaton in Eq. (j4.18j) . namely jH] 

where e = +1 for an electric root and —1 for a magnetic one. 

To switch from positive K""}, [b > a) step operators to negative ones it suffices to 
interchange upper and lower indices. At higher levels, the negative of the tensor R^^ '^ds '^'' 
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is similarly a tensor R^_^ '^l^"'^" ■ The invariant scalar product for step operators is given by 
{K\, Ki) = a>b,d>c ■ RdJ.V') = C • • • Wl ■ ■ ■ ■ (5.3) 

Iterative procedures to compute the step operators at any level can be devised. They 
build, together with the Cartan generators K'^a {a = 1,2, . . . , D) and Ru {u = 1,2, s), 
the full content of the adjoint representation of Q~^^~^. 

The metric Qf^u at a fixed space time point parametrises the coset GL{D) / S0{D — 1, 1). 
To construct a Q^^^ invariant action S containing such a tensor, we shall build a non 
linear realisation of Q^^^ in a coset space Q^^^ / K^^^ where the subgroup K^^^ contains 
the Lorentz group SO{D — 1,1). We use a recursive construction based on the level 
decomposition of Q~^^^. As at each level the SO{D — 1,1) invariance must be realised 
for a finite number of generators, we cannot use the Chevalley involution to build the 
coset Q^^^ / K^^^ . Rather we shall use a 'temporal' involution from which the required 
non-compact generators of K^^^ can be selected. 

The 'temporal' involution uo is defined in the following way. For the generators of the 
Cartan subalgebra we take, as in the Cartan involution, 

K\ ^ -K\ R., ^ -R^ , (5.4) 

while for step operators we take 

^....X-" ^ -VKJX-'' > (5-5) 

with 7] = (—1)"* where rif is the number of time indices in R^_^ '^i^^' • All commutation 
relations in Q'^'^'^ are preserved under the mapping Eqs. (j5.4p and (j5.5|) . and so is its bilin- 
ear form. This mapping constitutes an involution that we label the temporal involution. 
We define the subgroup K'^'^'^ of Q^'^'^ as the subgroup invariant under this involution. 
Its generators are 

K~^^~^ contains the Lorentz group SO{D — 1,1) and all generators with rj = —1 are 
non-compact . 

5.2 Non-linear realisation of in 

We will follow a similar line of thought as the one developed in reference jj^ in the context 
of E^^ . Consider a group element V built out of Cartan and positive step operators in 



16 



It takes the form 

V = exp(^ h,'^K\ - ± rRu) exp(E ^.A.^.ir'' Ra.'X'' + ■■■)• (5-7) 

a>b u=l 

We have written it so that the first exponential contains only level zero operators (i.e 
the Cartan and the level zero positive step operators) and the second one contains the 
positive step operators of level strictly greater than zero. The tensors "fej 
bear a priori no relation with the metric, the dilaton and the potentials of the pi form 
field strengths Fp^ entering the action Eq. ()4.18|) . However we shall see that a dictionary 
can be established relating the tensors which appear at low levels with the fields occurring 
in Eq. (j4.18p at a fixed space-time point. For higher levels the dictionary between group 
parameters and space-time fields should arise from the analysis of the dynamics encoded 
in the Q^^^ invariant action S below. 

A differential motion in the coset can be constructed from Eq. (j5.7|) . 

Define 



dv = dW ^ dv = —ujdv ; dvsym = -^{dv + dv) . (5.^ 



1 

2' 

As dv and dv are differentials in the Lie algebra, dvgym. contains only the Cartan generators 
and the combinations of step operators Rd^^]i'^'^'' + V^ci.^^cr"'^" ■ 

To construct the action S we wish to map a manifold Ai into Q^^^. We do not want 
to take for Ai a space-time manifold, as this might require the explicit introduction of 
local symmetries which we hope to be hidden in the infinite algebra of Q^^^. We shall 
take for Ai a one-dimensional world-line in ^-space, i.e. dvgym = dvsym{0 = d^iO^^^iO^ 
where V(^) are the group parameters appearing in Eq. ()5.7|) that are now fields dependent 
on the variable ^. Here no connection is imposed a priori between ^-space and space-time. 

A reparametrisation invariant action is then 

1 ^ ^ dVgy^Yii^^ , 2\ 



J n[i) di 

where n(^) is an arbitrary lapse function ensuring reparametrisation invariance on the 
world-line. The 'trace' ( ) is given by Eqs. (j4.19j) and (j5.3p . It ensures the invariance 
of the non-linear action S defined on the coset space Q^^^ / K^^^ under global Q^^^ 
transformations. 

We now compute the level zero of the action Eq. ()5.9|) . that is the terms generated by 
K^a (a > i>) and i?„ in V. From Eqs.(ISI7|), (jEHI) and (ITOll . one obtains the contribution 
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of the level zero to VgymiO^ 

^ - TJeH'-^M + - i f . (5.10) 

where h is triangular matrix with elements hj,"'. We now evaluate {{dVgy^{C,)/d^)'^) using 
Eqs. ()4.19|) and ()5.3|) . The ?7-symbols defining the temporal involution allow the raising 
or lowering of the a, b indices of the ^-fields multiplying the negative step operator in 
{dv'^y^/dC,, dv^gy^/d^) with the Minkowskian metric rjab ■ This ensures that this expression 
is a Lorentz scalar. The Lorentz invariant action at level zero, S^, is 

5(0) ^ fd^^y^^r), 

J n(0 d^ 



-([e^^rf + (5.11) 



where the summation is performed over Lorentz indices. Note that the lower indices of 
and the upper indices of cannot be lowered or raised by the Lorentz metric. To 
avoid confusion we label these indices with greek letters, namely we define 'vielbein' 

< = (e-V e,'^ = (e')." ; g,. = e;eX,. (5.12) 

Although we have not yet introduced a space-time, we shall name the a indices fiat and 
the /i indices curved. As a result of the temporal involution and of the scalar product ( ) 
in Q'^^'^ , the fiat-index tensors have been endowed with a Lorentz metric while curved- 
index tensors define a metric in GL{D) / SO{D — 1, 1). Hence, for any ^, we are allowed 
to identify g^uiO Eq. ()5.12p as the metric tensor in S, Eq. ()4.18|) . at a fixed space-time 
point. 

Using Eq. (j5.12j) . one can rewrite the action Eq. (j5.11| ) as 



5(0) = -fd^4 

2 J ^n l 



(0 



2^^ ^ 2^ ^ ^ di di ^ di diV 



(5.13) 



At higher levels, the tensors multiplying the step operators couple nonlinearly to the 
level zero objects and between themselves. The coupling to the metric and to 0" can be 
formally written down for all levels, but the self-coupling of the A^^ "^"^^ '"''depend specifi- 
cally on the group Q. 
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Consider a general A£,_i tensor A^_^ parametrising a normalised step operator 
-^61 'bV ^'^- commutation relations of R^^ a-i-o-r -^^^y^ ^y^^ j^b^ ^^.^ given by the tensor 
transformations as in Eq. (|4.16p and (j5.1|) and those with Ru have the form 

[Ru,KX-^'] = XuR,,.X-^^. (5.14) 

Here \u = J2 ^u,i where the Xu,i are the scale parameters of the simple step operators 
entering the multiple commutators defining i?^^ ""bs "^"^ ■ This property follows from the 
Jacobi identity. Identifying for simple step operators A„^j with —eaJ/2 in Eq. (j5.2j) we 
may identify for any ^ the in <S, Eq. (|5.9p . with the dilatons fields in S, Eq. (j4.18|) . 

at a fixed space time point. The particular ^aj.'^a; ''°(0 multiplying the step operators 
belonging to the subgroup Q can be similarly identified to the corresponding potential 
forms in S along with their duals. 

It is straightforward to compute the contribution dv^'^'^ to dv of a given tensor when 
commutators of the -Rf,^ "^J"'^'' between themselves are disregarded. On gets 

dv^^^ = -^^dA^..':^--^^ exp(- ± A>") e„f . . . e,^^ . . . ej>; i?,^.!'-- . (5.15) 

u=l 

The contribution Sq^'' of v^^^ to the action S is computed as previously and one gets 



,(A) 1 f 1 



= 7: d^ 



2 J ^n{0 



1 , ' ... ...dA„, „ „, „ „, dA, 



U-, ...V, 



— exp(- 1: 2Ay) ^^>-^- g^^^'K.. 9^^^'^ 9...... 9..K^^ 



(5.16) 

The full action can only be approached in a recursive way. In ^o^^^ one must replace 
derivatives by non linear generalisations to take into account the non vanishing commu- 
tators between tensor step operators. We represent such terms by 'covariant' derivatives 
symbol D / j^^j. There evaluation is group dependent. Formally the full action S 
is 

5 = 5(°)+^5(^), (5.17) 



2 J ^n l 



n{0 



— exp(-5]2A>") i^lf^g^^^K..g^^^rg^^^, g^^^, ^ 

r!s! d^ IS 



where the sum on A is a summation over all tensors appearing at all positive levels in the 
decomposition of Q^^^ into irreducible representations of A£,_i. 

One may expand S given in Eq. ()5.17p in power of fields parametrising the positive 
step operators. Up to quadratic terms, the result S^'^^ is obtained by retaining in v{^) 
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terms independent or linear in these fields. Define the one-forms [dA] and the moduli p^^^ 
(or p^^)) as in Section 4.3 by 



, dA„ "'■■■"^ 



u=l 



d^ 



dp^"' 

where e means that only the diagonal vielbein are kept. We get 



d^ 



1 



n(0 



D f]M 1 D J (a) 1 



.atl^ d^ ' 2\tl di 



2 di 



+ 2^"'' di di"" ^ 



1 1 ^[rf^]a,..';.-;-'= \dA\,x-''^ 



1r\s\ 



di 



di 



(5.18) 
(5.19) 



(5.20) 



where the superscript (1) in the vielbein term indicates that only terms quadratic in 
(a > b) are kept. In the next section we shall produce solutions of the action Eq. ()5.20|) 
which are exact solutions of the full action Eq. (j5.17j) . 



6 Extremal branes from the Q^^^ invariant actions 

We shall look for solutions of the equations of motion derived from S and containing only 
one A(^)-field, or one non-diagonal h{i)-field, with given indices ^|. Such truncation is 
consistent with all the equations of motion and hence we may disregard all non-linearity 
in the step operators. Therefore it suffices for obtaining such solutions to replace the 
action S by its simplified version Eq. (j5.20|) . 

We shall as in Eqs. ()2.5|) and ()2.6|) . consider A to be an antisymmetric tensor with a 
time index r and r space indices coupled to a step operator of the Q subalgebra. The 
equation of motions are 

a) The lapse constraint. 

Eq. ()5.20|) . taking Eqs. ()5.18|) and ()5.19|) into account, reads 

(6.1) 

Here we have taken one dilaton with scaling A = —ea/2 in accordance with Eq. ()5.2|) . 
Note that this relation is valid wether or not the magnetic root is simple, as seen 
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in dimensional reduction. A crucial feature of this equation is the minus sign in 
front of the exponential. Its origin can be traced back to the temporal involution 
defining our coset space, hence to Lorentz invariance, because both magnetic and 
electric potentials have a time index. 

b ) The equation of motion for A. 
We take the lapse n{C,) = 1. One gets 



0. (6.2) 



c) The dilaton equation of motion. 



^ - \eaeMea<P - 2pW - 2 p^^](^-^^^f = . (6.3) 



A=Ai 

d) The vielbein equations of motion. 

j2 (a) D .2 (/3) 

-2^ + E^ = «^r,A. (. = 1,2. ..r), (6.4) 

/3 1 

(6.5) 

We take as anzatze the solutions of the extremal brane problem but with Ha an unknown 
function of H{C,). Namely we pose 

A.A,...v = 6..,....J^^^]V^i7-i(0, (6.6) 
p(r)=pix.) = _£j:Lzli^H{0 ; p(-) = ^lnff(0 a^r,A,. (6.7) 

= ^^ealnHiO- (6.8) 
From these equations and from Eq. ()2.9|) we see 

that ea0-2pW-2EALA P^^^ = 21ni7(0. 
It then follows that the equation of motion for A, Eq. (j6.2j) . reduces to, using Eq. (j6.6|) . 

^ = 0. (6.9) 
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Given this result, it is straightforward to verify that the anzatze Eqs. ()6.6p . ()6.7|) and ()6.8|) 
satisfy the dilaton and the vielbein equations of motions. The lapse constraint takes the 
form 

E(rfp^"^)' - ^(E dp^-^f + kd4>r - ^{d\nHf = . (6.10) 

a=l a=l 

where the differentials are taken in ,^-space. It has therefore exactly the same form in 
^-space as Eq. fl4.15|l has in space-time. The relations Eqs. ()fj.fi|l . ()(i.7j) and ()(i.8j) . together 
with Eqs. fl6.9p and the lapse constraint Eq. ()6.10|) fully describe an exact solution of the full 
g+++ invariant action S defined recursively by Eq. ()5.17|) . We now discuss the significance 
of this result. 

The Eqs. ()6.6p . ()6.7|) and ()6.8|) characterise completely the algebraic structure of the 
extremal brane solution but do not yield its harmonic character in space-time. As the 
functions Arx^...x^{^), p^'^\^), P^^'\0 were interpreted in the action S as func- 

tions at a fixed space-time point of the independent variable ^, this is a consistent result. 
The solution H = a + b^ of Eq. ()6.9|) would then describe a motion in the space of solutions, 
for instance of branes with different charges. However the fact that we have exact solu- 
tions of the action S with the correct algebraic structure of the extremal branes, means 
that these solutions are only indirectly related to the corresponding space-time solution. 
One expects that the information contained in this solution, which is of course not con- 
tained in a trivial constant space-time solution of the Einstein equation, is the required 
information to build coupled equations to higher space-time derivatives encoded in higher 
level representations, which would then be directly related to space-time solutions. 

There are indications that this may indeed be the case but it is unclear whether it is 
sufficient to consider the adjoint representation of Q^^^ [12^ or if one has to include other 
representations j^Ell^ZI- 

The solution Eqs. ()6.6|) . ()6.7|1 and ()6.8|1 satisfy, in ^-space, the relation Eq. ()2.4|l . This 
relation define an embedding of a subgroup Q^'^^ of Q'^'^'^ acting on the p compact space 
dimensions in which the branes live and on the time dimension jj]. We shall consider the 
subgroup of Q^"^^ which acts on the space dimensions only and we take p < D — 4 so 
that is a Lie group. This group is conjugate by a Weyl reflection in of the 

group Q'f^^ obtained by deleting the first D — p — 1 nodes of the gravity line [S] and 
hence is conjugate to its subgroup ^'^ characterising the usual dimensional reduction 
of Eq. ()4.18j) to D — p dimensions. 

We shall consider the transformations mapping one root to another root, thereby 
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generating solutions of the same 'family' as the extremal solution just described. These 
transformations include the Weyl group W{Q^~^^) of Q~^^~^. We shall examine Weyl 
transforms of the extremal brane solution characterised by one positive step operator 
which send the positive root into a positive root. Such transformations leave invariant 
not only S but also preserves their quadratic truncation Eq. ()5.20p . Hence Eq. fl6.10|) is 
invariant under the Weyl group of Qp~^^. The restriction to the Weyl group of Q'^ selects 
transformed fields with one time index. 

Thus W{Q^) leaves invariant the quadratic form 




(6.11) 

and the embedding relation Eq. ()2.4|) in ,^-space. It acts on A-fields, or non-diagonal 
vielbein, containing one time index. The sum of the first three terms is the invariant 
metric of Q^^^ restricted to its Cartan subgroup. Together with the embedding relation 
Eq. ()2.4|) they are left invariant under the Weyl group of Qp~^^. We now see the group 
theoretical relevance of the right hand side of Eq. ()4.15|) or better the last term of Eq. ()6.10p 
in ,^-space. The Weyl transformations of the step operators and the additional terms 
in Eq. ljfi.llll guarantee indeed the invariance of Eq. ()(i.l()|l under W{Q^). For all 
the Weyl transformations generate new solutions from one extremal brane solution. We 
stress again that in the present approach both electric and magnetic branes are described 
'electrically'. 

For M-theory, this yield the well-known duality symmetries of M-theory, including the 
duality transformations of branes, KK waves and KK monopoles (Taub-NUT spaces). 
Such transformations are however not a privilege of M-theory and occur in all Q^^^ 
invariant actions. This is exemplified below, taking for definiteness the action S for the 
group E^^^ which is related to the action S with gravity coupled to a 4- and a 2- form 
field strength in 9 space-time dimensions. The Dynkin diagram of Ej^^ is depicted in 
Fig.3, which exhibits the two simple electric roots (10) and (9) corresponding respectively 
to the step operators i?^^^ and which couple to the electric potentials Aygg and Ag. 

We take as input the electric extremal 2-brane 6(3 9) in the directions (8, 9) associated 
with the 4- form field strength whose corresponding potential is Aigg and submit it to the 
non trivial Weyl reflection Wiq associated with the electric root (10) of Fig.3. We display 
below, both for e(g 9) and its transform, the moduli, i.e. the vielbein components p^"-* and 
the the dilaton value 0, of the brane solution Eqs. (j6.7j) and (|5.8|) as a ten-dimensional 
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vector where the last component is the dilaton. We also indicate the transform of the 
step operator R^^^ under the Weyl transformation. We obtain 



(-4,3,3,3,3,3,3,-4,-4;2v^)i^^^ 6(8,9) R''' (6.12) 

(-7,0,0,0,0,0,7,0,0;0)i^^^ kke(7) K\ (6.13) 

The transformation of the 2-brane is reminiscent of a double T-duality in M-theory. 

We now move the electric brane through Weyl reflections associated with roots of the 
gravity line to 6(5,9) and submit it to the Weyl reflection Wiq. We now find that the brane 
6(5,9) is invariant but moving it to the position 6(5,6), we get 

(-4,3,3,3,-4,-4,3,3,3;2v^)^i^^^ 6(5,6) R'"' (6.14) 

(-1, 6, 6, 6, -1, -1, -1, -1, -1; 4V7) ^^^^ "1(5,6,7,8,9) R'''''' (6.15) 

This is a magnetic 5-brane in the directions (5, 6, 7, 8, 9) associated to the 2-form field 
strength ! It is expressed in terms of its dual potential v4i5 6 78 9. Submit instead 6(5,9) to 
to the Weyl refiection Wg associated with the electric root (9) of Fig.3. The 2-brane 6(5,9) 
is again invariant, but moving it to to the position 6(5,6), we now get 

(-4, 3, 3, 3, -4, -4, 3, 3, 3; 2v^) i^^^ 6(5,6) R''' 

IWg 

(-3,4,4,4,-3,-3,4,4,-3;-2x/7)i^^^ m(5,6,9) R'"'' (6.16) 

This is a magnetic 3-brane in the directions (5, 6, 9) associated to the 4-form field strength, 
expressed in terms of its dual potential v4i5 6 9. 

Finally, let us submit the magnetic 5-brane 111(5,6,7,8,9) obtained in Eq. (|6.15| l to the 
Weyl reflection Wg. One obtains 

(-l,6,6,6,-l,-l,-l,-l,-l;4V7)i^^ 111(5,6,7,8.9) R'''''' 

iWg 

(0,7,7,7,0,0,0,0,-7;0)i^^ kk^(2,3,4;9) R'^'''^^' (6.17) 
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Eq. ()6.17|) describes, as in M-theory, a purely gravitational configuration, namely a KK- 
monopole with transverse directions (2,3,4) and Taub-NUT direction (9) in terms of a 
dual gravity tensor /^i 5 6 78 9, 9- 

It is also possible to generate solutions not contained, at least explicitly, in the group 
QP. These are very interesting solutions as they may test the significance of genuine Kac- 
Moody extensions of the Lie groups. Such analysis is outside the scope of the present 
work where we test only solutions which can straightforwardly be mapped to space time 
solutions of the effective actions Eq. ()4.18|) . 

The above example illustrate the analogy of M-theory duality transformations with 
similar transformations in all 'M-theories' defined by all Q^^^. One may indeed carry 
the same analysis for all Q^^^ and exhibit for each of them the 'duality' transformations 
of the branes. As in M-theory, these dualities are symmetries in non-compact space- 
time. This is because ^P"*"^ is, as the Lie group symmetry of the action Eq. (j4.18j) 
dimensionally reduced to three dimensions (for p = D — A). They differ because while 
the latter reduction leaves a Lorentzian non-compact space-time, the former leads to a 
Euclidean space-time by compactifying time. The group of transformations on ^-space 
discussed above, is thus in one to one correspondence with the group of space-time 
transformations when time is decompactified. In particular, the functions H{C,) can thus 
be mapped into harmonic functions H{{x'^}). However as pointed out in the previous 
section, more work is needed to relate directly H{C,) to H{{x''}), and solutions in ,^-space 
to solutions in space-time for all Q~^^~^, through translation operators hopefully induced 
by group generators. 
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